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Quantum thermal transport in two-quantum-dot system with Dzyaloshinskii-Moriya interaction
(DM interaction) has been studied. The sign of thermal rectification can be controlled through
changing the energy splitting or the DM interaction strength. The anisotropic term in the system can
also affect the sign of rectification. Compared with other proposals [L Zhang et al, Phys. Rev. B 80,
172301 (2009)], our model can offer larger rectification efficiency and show the potential application
in designing the polarity-controllable thermal diode with a small size system (N=2). Moreover,
quantum correlations of two-quantum-dots are investigated. We find that almost perfect quantum
correlations can be obtained in the large temperature bias region, and quantum entanglement is
more sensitive to the change of the DM interaction strength than quantum discord.
PACS numbers:
I. INTRODUCTION
Thermal diode is a very important thermal devices[1–
3]. It has extensive application in phonon information[4].
The heat current flow can be induced in a unidirectional
way, and can be regarded as the basic part in controlling
the large-scale heat flow. So far, many proposals have
been raised to design a thermal diode by different models,
such as Frenkel-Kontorova lattice and spin chains[2, 7, 8].
In all these designs, the different lattice sizes will influ-
ence the heat current flow significantly between the two
reservoirs. In the spin chain model, the polarity of the
thermal diode can be controlled by modulating the spin
energy gap at different sites or changing the anisotropic
interaction strength between the adjacent spins. The ef-
ficiency of the thermal diode model can be measured by
thermal rectification (R). In the six-spin-chain system,
the thermal rectification R can reach the value from -0.5
to 0.3 by adjusting the system variables, and the different
signs of R means the change of the thermal diode model
polarity. However, as studied in Ref. [7], it is not likely
to control the thermal diode model polarity in the small
system with the spin number N ≤ 4.
Recently, the problems of the interaction between the
quantum-dot system and the thermal environment have
attracted a lot of attention[9–12], for the quantum-dot
system display its advantage in its scalability and long
coherence time[9]. Due to the quantum tunnel effect
in the quantum-dot system, the spin-spin interaction
and the spin-orbit interaction will play an important
role[10, 13]. Moreover, when the material possesses the
∗Electronic address: xbwang@mail.tsinghua.edu.cn
reversal asymmetry, the coexistence of the superexchange
interaction and the spin-orbit interaction will induce a
new interaction so called Dzyaloshinskii-Moriya (DM)
interaction[14–18]. It has been verified[14, 15] that DM
interaction can result in the change of the spin alignment
in the material, and many problems of the quantum-dot
system containing the DM interaction have been investi-
gated already[10, 11, 13].
In this paper, we study extensively the heat transport
problem in the two-quantum-dot system containing the
DM interaction. We calculate the heat current in the
steady state limit and analyze the heat current contri-
butions of the different system states. We propose a
polarity-controllable thermal diode in this two-quantum-
dot system. Thermal rectification of this diode model
is studied. We find that, in this two-quantum-dot sys-
tem, thermal rectificationR can reach the value from -0.3
to 0.35, through changing the DM interaction strength.
Compared with the six-spin-chain proposal, thermal rec-
tification R in our proposal is larger than several cases in
the spin-chain proposal. Based on this two-quantum-dot
system, we can realize the reversal of thermal rectifica-
tion in small system case. Besides, the quantum correla-
tions are calculated for the steady state. We find that,
compared with the quantum discord, the quantum entan-
glement is more sensitive to the DM interaction. Perfect
quantum entanglement and quantum discord can appear
in the large temperature bias region, not only in the two
zero reservoirs[10].
2FIG. 1: (color online): A schematic representation of the
two-quantum-dot system containing DM interaction. The two
quantum dots interact with the thermal reservoirs at different
temperatures TL and TR, respectively.
II. THERMAL RECTIFICATION
A. Model
Consider a two-quantum-dot system and two thermal
reservoirs as shown in Fig. 1. The left quantum dot
interacts with the left reservoir only, and the right quan-
tum dot interacts with the right reservoir only. The total
Hamiltonian is[10, 11], Hˆ = Hˆs+ HˆBL+ HˆBR+ HˆSBL+
HˆSBR. Here, Hs is the two-quantum-dot system Hamil-
tonian, HBν is the reservoir Hamiltonian, and HSBν is
the interaction between the reservoir ν and the system.
We consider the anisotropic interaction and the DM in-
teraction between the two-quantum-dot system, and ne-
glect the second order spin-orbit interaction. The system
Hamiltonian is[10],
Hs =Jχ(σ
+
Lσ
+
R + σ
−
L σ
−
R) + J(1 + iD)σ
+
Lσ
−
R
+ J(1− iD)σ−L σ
+
R +
B + b
2
σzL +
B − b
2
σzR
(1)
where, the parameter χ describes the anisotropy term in
the system spin xy plane, the parameter D stands for the
DM interaction between the two-quantum-dot system,
and the energy gaps of the left spin and the right spin
are B+b2 ,
B−b
2 respectively.
In our case, the reservoir consists of a collection of
non-interacting oscillators. The parameter ωn labels dif-
ferent oscillator frequency. The system-reservoir inter-
action strength gνn denotes the interaction between the
spin ν and the oscillator of frequency ωn in reservoir ν.
The reservoir Hamiltonian HBν and the system-reservoir
interaction Hamiltonian HSBν can be written as[10],
HBν =
∑
n
ωnb
+
nνbnν
HSBν = SνBν = (σ
+
ν + σ
−
ν )(
∑
n
g(ν)n bnν + g
(ν)∗
n b
+
nν)
(2)
We want to investigate the system properties in the
steady state limit. The eigenvalues and the correspond-
ing eigenvectors of the system Hamiltonian are[10],
|ε1〉 = N
+((
b+ ξ
J(1 − iD)
)|01〉+ |10〉), E1 = +ξ
|ε2〉 = N
−((
b− ξ
J(1 − iD)
)|01〉+ |10〉), E2 = −ξ
|ε3〉 =M
+((
B + η
Jχ
)|00〉+ |11〉), E3 = +η
|ε4〉 =M
−((
B − η
Jχ
)|00〉+ |11〉), E4 = −η
(3)
Here, the state |0〉 and |1〉 are the spin of upper level en-
ergy and spin of lower level energy, respectively. The
coefficients N±, M±, ξ, and η satisfy the relation
N± = (1 + (b±ξ)J2+(JD)2 )
−1/2, and M± = (1 + (B±ηJχ )
2)−1/2,
ξ = (b2 + J2 + (JD)2)1/2, η = (B2 + (Jχ)2)1/2.
We now rewrite the system components in the system-
reservoir interaction Hamiltonian HSBν in the new basis
{|ε1〉, |ε2〉, |ε3〉, |ε4〉},
σxL =S
L
3,1|ε3〉〈ε1|+ S
L
4,1|ε4〉〈ε1|
+ SL3,2|ε3〉〈ε2|+ S
L
4,2|ε4〉〈ε2|+H.C.
σxR =S
R
3,1|ε3〉〈ε1|+ S
R
4,1|ε4〉〈ε1|
+ SR3,2|ε3〉〈ε2|+ S
R
4,2|ε4〉〈ε2|+H.C.
(4)
The parameters |Sνm,n| is defined as, |S
L
3,1|
2 = |SL4,2|
2 =
ηξ−Bb
2ηξ +
J2χ
2ηξ , |S
L
4,1|
2 = |SL3,2|
2 = ηξ+Bb2ηξ −
J2χ
2ηξ , |S
R
3,1|
2 =
|SR4,2|
2 = ηξ+Bb2ηξ +
J2χ
2ηξ , |S
R
4,1|
2 = |SR3,2|
2 = ηξ−Bb2ηξ −
J2χ
2ηξ .
We apply the master equation method to solve the
system dynamics. We obtain the system time evolution
function by the second order approximation in the inter-
action picture[19, 20],
dρm,n
dt
=− i[HSBj(t), ρ(0)]m,n
−
∫ t
0
dτ [HSBj(t), [HSBj(τ), ρ(τ)]]m,n
(5)
In our calculation, we assume the weak interaction of the
system and the reservoirs. The Markov approximation
is applied, and the reservoirs keep in its thermal equilib-
rium throughout the evolution. Our goal is to see the
system steady state behavior in the long time limit, we
can neglect the coherence term in the system. Under
these conditions mentioned above, we can get the Pauli
master equation related to the system state population
ρnn (n=1, 2, 3, 4),
˙ρnn
s = −
∑
m
Wnmρ
s
nn +
∑
m
Wmnρ
s
mm (6)
WhereWnm isWnm = k
L
n→m|S
L
m,n|
2+kRn→m|S
R
m,n|
2, and
the rates kn→m are,
kνn→m = ΓB,ν(ωnm)(n
ν
B(ωnm) + 1), n > m
kνn→m = ΓB,ν(ωmn)n
ν
B(ωmn), n < m
(7)
3Here, nνB(ω) denotes thermal distribution of the reser-
voir ν at temperature Tν , i.e. n
ν
B(ωpq) =
1
eωpq/Tν−1
.
ΓB,ν(ωpq) = 2pi
∑
n g
2
n,νδ(ωpq − ωn) is the interaction
strength between the reservoir ν and the system. The
system steady state population are,
ρs11 =
W41W31
(W14 +W41)(W13 +W31)
ρs22 =
W13W14
(W14 +W41)(W13 +W31)
ρs33 =
W41W13
(W14 +W41)(W13 +W31)
ρs44 =
W31W14
(W14 +W41)(W13 +W31)
(8)
with the basis {|ε1〉, |ε2〉, |ε3〉, |ε4〉}. Expand the density
matrix ρs in the system basis {|00〉, |01〉, |10〉, |11〉}, the
system reduced density matrix ρs is,


ρs33
η+B
2η + ρ
s
44
η−B
2η 0 0 ρ
s
33
Jχ
2η − ρ
s
44
Jχ
2η
0 ρs11
ξ+b
2ξ + ρ
s
22
ξ−b
2ξ ρ
s
11
J(1+iD)
2ξ − ρ
s
22
J(1+iD)
2ξ 0
0 ρs11
J(1−iD)
2ξ − ρ
s
22
J(1−iD)
2ξ ρ
s
11
ξ−b
2ξ + ρ
s
22
ξ+b
2ξ 0
ρs33
Jχ
2η − ρ
s
44
Jχ
2η 0 0 ρ
s
33
η−B
2η + ρ
s
44
η+B
2η

 (9)
Given the system steady states obtained above, we can
now formulate the expression of the heat current.
B. Results
Heat current. The symmetric expression of the heat
current Jˆ is defined as[19]
J = Tr[Jˆρ] Jˆ =
i
2
[HSBL, Hs] +
i
2
[Hs, HSBR] (10)
in our case, the heat current can be written as
J =
1
2
∑
m,n
ωm,n|S
L
n,m|
2Pn[k
L
n→m(TL)]
−
1
2
∑
m,n
ωm,n|S
R
n,m|
2Pn[k
R
n→m(TR)]
(11)
and Pn = TrBj[ρn,n(t)].
Thermal rectification control by DM interaction. Un-
der different temperature bias (∆T = TL−TR) case, the
control of the thermal rectification with system DM in-
teraction strength is shown in the Fig. 2.(a). The mean
temperature of two reservoirs is, TM = 1/2(TL + TR).
As defined by Ref.[8], thermal rectificationR satisfies the
relation,
R = (J+ − J−)/max(J+, J−) (12)
where the forward heat current J+ is the heat current
(from left to right) when the reservoir at higher temper-
ature is connected to the left quantum dot, and the back-
ward current J− is the heat cuurent (from right to left)
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FIG. 2: Thermal rectification (a) Thermal rectification with
the DM interaction strength. The sign changes at critical
value Dcr1. Dashed, solid and dot-dashed correspond to
|∆|T = 0.4, |∆|T = 1 and |∆|T = 1.6. The mean tem-
perature of two reservoirs is TM = 1. (b) The population
of four system eigenstates with the change of DM interaction
strength. (c) Values of J+,n and J−,n with DM interaction
strength. In (b) and (c), solid lines are for the case ∆T > 0;
(i.e., the temperature of left reservoir is higher than the right
one); dashed line are for ∆T < 0. The red, blue, green and
brown lines correspond to the state |ε1〉, |ε2〉, |ε3〉 and |ε4〉 re-
spectively. (d) Values of Jnet,n. The red dotted, blue dashed,
green dot-dashed and brown solid line correspond to the state
|ε1〉, |ε2〉, |ε3〉, and |ε4〉 respectively. ∆T = 0.4 and TM = 1
in (b), (c) and (d). Other parameters are: χ = 0.3, B=4,
b=2, J=1, ΓL = 1, and ΓR = 0.25.
when the left quantum dot is in contact with the reser-
voir at lower temperature. The energy gaps of the two
4quantum dots are not equal. From Fig. 2. (a), the ther-
mal rectification R will change from the positive value
to the negative value after the DM interaction strength
reaches a critical value Dcr1. This means one can obtain
rather different heat current through adjusting the DM
interaction strength. The different system states popula-
tion with the change of the DM interaction strength are
shown in Fig. 2. (b). When the DM interaction strength
is not strong, the system populates mainly at the low-
est eigenstate |ε4〉. The population of the eigenstate |ε2〉
rises with the DM interaction strength. Values of J+,n
and J−,n are shown in Fig. 2. (c). To illustrate the con-
tribution of four different system states to the thermal
rectification, Define Jnet as,
Jnet,n = J+,n − J−,n (13)
where J+,n is the heat current contributed by the system
state |εn〉 (from left to right) when the left quantum dot
is in contact with the reservoir at higher temperature,
and J−,n is the heat current contributed by the system
state |εn〉 (from right to left) when the left quantum dot
is connected with the reservoir at lower temperature. We
display the values of Jnet in Fig. 2. (d), in the region
of the weak DM interaction strength, state |ε2〉 provides
the negative net heat current, and the net heat current
contributions from state |ε4〉 is positive. The heat cur-
rent contribution from state |ε4〉 is more notable than
that from state |ε2〉. The heat current contributed by
state |ε1〉 and |ε3〉 are negligence. So according to the
formula of the thermal rectification above, the thermal
rectification value is positive when the DM interaction
strength is small. After the DM interaction strength
reaches the critical value Dcr1, the contribution of |ε2〉
Jnet,2 is positive, and the heat current of |ε4〉 Jnet,4 is
negative. The major contribution is from |ε4〉, and the
sign of thermal rectification will change to the negative
sign. In our two-quantum-dot system, the lowest system
eigenstate changes from state |ε4〉 to state |ε2〉 when the
DM interaction strength reaches the critical value Dcr2.
We find that the net heat current contribution of state
|ε2〉 is negative, and state |ε4〉 provides a positive con-
tribution. When DM interaction exceeds critical value
Dcr2, Jnet is mainly contributed by state |ε2〉. From the
analysis above, we find that the lowest eigenstate of the
two-quantum-dot system makes the major contribution
on the thermal rectification. Through modulating the
DM interaction strength, we can change the sign of ther-
mal rectification to control the polarity of thermal diode.
Magnetic field effect. In our model, the magnetic field
affect the energy gap of the quantum dot. We choose
the parameters that the energy gap of the left dot is not
zero, and the energy gap of the right one is zero. Different
anisotropic system conditions are shown in Fig. 3. The
two different situations are described in Fig. 3. (a) and
Fig. 3. (b) with the DM interaction strength being zero
and four respectively. From the figure, we find that the
sign of the thermal rectification changes around certain
value of external magnetic field. In different anisotropic
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FIG. 3: (color online): The relation between thermal rec-
tification and the magnetic field strength in the four differ-
ent anisotropic situations. Blue solid, red dashed, green dot-
ted and orange dot-dashed correspond to χ = 0.9, χ = 0.3,
χ = 0.0 and χ = −0.3 respectively. By setting b=B in Eq.(1),
the energy gap of the right dot is zero. The system param-
eters: the mean temperature TM = 1, the temperature bias
∆T = 1, J=1, ΓL = 1 and ΓR = 0.25. (a) The DM interaction
strength is 0. (b) The DM interaction strength is 4.
situations, the sign of thermal rectification will change
at different critical value of external magnetic field. So,
we can realize the reversal of the thermal diode model
polarity by adjusting the external magnetic field in our
two-quantum-dot system, also.
III. QUANTUM CORRELATION
Quantum entanglement. To qualify the quantum prop-
erties in the steady state, we use the concurrence to mea-
sure the quantum entanglement. Given the final X states,
we have the analytic result of the concurrence C(ρAB)
as[21],
C(ρAB) = 2max{0,
J
2ξ
√
1 +D2|ρs11 − ρ
s
22|
−
1
2
√
(ρs33 + ρ
s
44)
2 −
B2
η2
(ρs33 − ρ
s
44)
2,
Jχ
2η
|ρs33 − ρ
s
44|
−
1
2
√
(ρs11 + ρ
s
22)
2 −
b2
ξ2
(ρs11 − ρ
s
22)
2}
(14)
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FIG. 4: (color online): Quantum correlations with DM inter-
action. Solid line: quantum entanglement; dashed line: quan-
tum discord. Under the same parameter conditions, quantum
entanglement rises with DM interaction more rapidly than
quantum discord does. ∆T = 0.4, TM = 1, χ = 0.3, B=4,
b=2, J=1, ΓL = 1, and ΓR = 0.25.
Quantum discord. Correlation in the quantum aspects
of the bipartite system can also be measured by quantum
discord. The system quantum discord is defined as[22],
D(ρAB) = I(A : B)− Ccor(ρ) (15)
The quantum mutual information I(A : B) has the
form as, I(A : B) = S(ρA) + S(ρB) − S(ρAB). The ex-
pression S(ρ) is the Von Neumann entropy of the destiny
matrix ρ, satisfy S(ρ) = −Tr(ρ log ρ). ρA and ρB are
the reduced destiny matrix of the system X state den-
sity matrix. The Classical correlation Ccor(ρ) satisfies
the equation Ccor(ρ) = S(ρ
A) − minBi [S(ρ|{Bi})], and
the last term minBi [S(ρ|{Bi})] is the condition entropy.
FIG. 5: (color online): Quantum correlation with tempera-
ture difference of two reservoirs. TR: temperature of right
reservoir, D: DM interaction strength. Almost perfect quan-
tum correlation can be achieved even though the temperature
difference of two reservoirs is large. Parameters set in calcu-
lation: TL = 0.5, χ = 0.9, b=0, B=0.2, J=1, ΓL = 1 and
ΓR = 0.25.
We study the relation between the quantum correla-
tion and the DM interaction strength. From Fig. 4, it
is seen that quantum entanglement is more sensitive to
the DM interaction strength than quantum discord, and
perfect quantum correlation can be got within the small
increment of the DM interaction strength.
FIG. 6: (color online): Population of different system eigen-
states |ε1〉(a), |ε2〉(b), |ε3〉(c) and |ε4〉(d) with different right
reservoir temperatures and DM interaction strengths. The
vertical axis labels the population. Parameters set: TL = 0.5,
χ = 0.9, b=0, B=0.2, J=1, ΓL = 1 and ΓR = 0.25.
Almost perfect quantum entanglement and quantum
discord can be obtained in the large temperature bias
region in our model, see in Fig. 5. The corresponding
four system states population are shown in the Fig. 6.The
reason for the high value of the quantum correlations is
that almost all system population are at the system state
|ε2〉.
IV. CONCLUDING REMARKS
We study the nonequilibrium two-quantum-dot system
with the DM interaction extensively. The behavior of the
heat current, quantum entanglement and quantum dis-
cord have been investigated. We find that we can control
the thermal rectification by two types of modulations,
one is adjusting the system DM interaction strength, and
the other is regulating the energy gap of two-quantum-
dot system. This provides a possible new way to design a
polarity-controllable thermal diode. Compared with the
spin-chains model studied before[7, 8], this two-quantum-
dot model can offer large thermal rectification when the
size is small (N=2). This two-quantum-dot system can
be used to build small size phonon devices, and has a
potential application in the phonon information.
V. ACKNOWLEDGMENTS
This work was supported in part by the 10000-
Plan of Shandong province, and the National High-
Tech Program of China grant No. 2011AA010800
and 2011AA010803, NSFC grant No. 11174177 and
660725416.
[1] D. Segal and A. Nitzan, Phys. Rev. Lett. 94, 034301
(2005).
[2] B. Li, L. Wang, and G. Casati, Phys. Rev. Lett. 93,
184301 (2004).
[3] N. Li, J. Ren, L. Wang, G. Zhang, P. Ha¨nggi, and B. Li,
Rev. Mod. Phys. 84, 1045 (2012).
[4] L. Wang and B. Li, Phys. Rev. Lett. 99, 177208 (2007).
[5] M. Esposito, U. Harbola, and S. Mukamel, Rev. Mod.
Phys. 81, 1665 (2009).
[6] M. Campisi, P. Ha¨nggi, and P. Talkner, Rev. Mod. Phys.
83, 771 (2011).
[7] Y. Yan, C. Q. Wu, and B. Li, Phys. Rev. B 79, 014207
(2009).
[8] L. Zhang, Y. Yan, C. Q. Wu, J. S. Wang, and B. Li,
Phys. Rev. B 80, 172301 (2009).
[9] R. Hanson and D. D. Awschalom, Nature (London) 453,
1043 (2008).
[10] F. Kheirandisha, S. J. Akhtarshenasb, and H. Moham-
madic, Eur. Phys. J. D. 57, 129 (2010).
[11] H. Mohammadia, S. J. Akhtarshenas, and F. Kheirandish
Eur. Phys. J. D. 62, 439 (2011).
[12] L. A. Wu, and D. A. Lidar, Phys. Rev. A 67, 050303(R)
(2003).
[13] F. Kheirandish, S. J. Akhtarshenas, and H. Mohammadi,
Phys. Rev. A 77, 042309 (2008).
[14] T. Moriya, Phys. Rev. Lett. 4, 228 (1960).
[15] T. Moriya, Phys. Rev. 120, 91 (1960).
[16] S. Chutia, M. Friesen, and R. Joynt, Phys. Rev. B 73,
241304(R) (2006).
[17] A. Pfund, I. Shorubalko, K. Ensslin, and R. Leturcq,
Phys. Rev. B 76, 161308(R) (2007).
[18] S. Herzog and M. R. Wegewijs, Nano. Tech. 21, 274010
(2010).
[19] L. A. Wu, C. X. Yu, and D. Segal, Phys. Rev. E 80,
041103 (2009).
[20] L. A. Wu and D. Segal, Phys. Rev. A 84, 012319 (2011).
[21] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[22] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901
(2002).
